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Solutions-in complex and real form--are obtained for the nonstationary 
one-dimensional and stationary two-dimensional problems of the theory 
of heat conduction in a two-layered medium. The inversion formula 
of a certain integral transform is employed. 

Th i s  no te  i s  c o n c e r n e d  wi th  the  t e m p e r a t u r e  d i s t r i -  
bu t ion  in a m e d i u m  c o n s i s t i n g  of an in f in i t e  p l a t e  (0 < 
< x < l )  and a h a l f - s p a c e  (l < x < oo) wi th  d i f f e r e n t  
t h e r m a l  p r o p e r t i e s .  

In e x a m i n i n g  the  o n e - d i m e n s i o n a l  n o n s t a t i o n a r y  
p r o b l e m  i t  i s  a s s u m e d  tha t  the  i n i t i a l  t e m p e r a t u r e  i s  
a r b i t r a r y  and tha t  on the  s u r f a c e  x = 0 i t  i s  r e q u i r e d  
to s a t i s f y  a b o u n d a r y  cond i t i on  of the  t h i r d  k ind  of 
g e n e r a l  f o r m .  The  so lu t i on  of t h i s  p r o b l e m ,  o b t a i n e d  
in the f o r m  of r e a l  q u a d r a t u r e s ,  i s  a s s o c i a t e d  with  the  
e x p a n s i o n  in e i g e n f u n c t i o n s  of a c e r t a i n  s p e c t r a l  p r o b -  
l e m .  In w b e l o w  th i s  e x p a n s i o n  i s  u s e d  to f ind  the  
t w o - d i m e n s i o n a l  s t e a d y - s t a t e  t h e r m a l  r e g i m e s  in a 
l a y e r e d  m e d i u m .  

w To s o l v e  the above  p r o b l e m  of n o n s t e a d y  t e m -  
p e r a t u r e  d i s t r i b u t i o n  i t  i s  n e c e s s a r y  to i n t e g r a t e  the 
s y s t e m  of e q u a t i o n s  

OT O~T - - ~  O < x < l ,  t>O, 
OX ~ Or-' 

_ OT O~T ~ l < x < ~ ,  t > O  (1) 
Ox ~ ~ ' 

A f t e r  a n u m b e r  of c a l c u l a t i o n s  the  s o l u t i o n  of p r o b l e m  
(5) c a n  b e  r e p r e s e n t e d  in the  f o l l o w i n g  f o r m :  

1 - i q)(x, ~, p)[(~)d~-{-S(x), (6) 
(x) = I~P--~ (P) , 

0 

w h e r e  

[ ~ N r (~, P) [sh 1 ~, P (l - -  x) + 6 ch t -67P (l - -  x)], 

0 < ~ < x < l ,  

I ~. --~-2 q~ (x, p) exp [ - -  l, "-~2 P (~ - -  l)], 

/ 6 ~ "~'~-tcp(~, p)exp [ - -  j --r 

I O < ~ < l < x < ~ ,  

/ y'~-2~ (x, p)exp [ - -  I [3-~-(~ - - l ) ] ,  

O < l < x < ~ <  ~, 

q~(~, p ) = b s h /  ~lp~ @a]. ~apchl ~lP~, 

, (x ,  p) = (bshV~ipl  + 

with the initial condition 

T(x, 0)=f(x), 0 < x < ~ o ,  (2) 

the  b o u n d a r y  c o n d i t i o n s  

aTx(O, t)--bT(O, t )= F(t), T(o~, 0 < o o ,  t>O, (3) 

and the t e m p e r a t u r e  and hea t  f lux  c o n t i n u i t y  c o n d i t i o n s  

r e - - O ,  O = T ( I + O ,  t), 

T.  (1 - -  0, t) = v T~ (l +0 ,  t). (4) 

A p p l y i n g  the  L a p l a c e  t r a n s f o r m a t i o n  

(x) = i' T (x, t) exp (- -  pt) dr, 
0 

we a r r i v e  at  the  fo l lowing  b o u n d a r y  v a l u e  p r o b l e m :  

T"= ~k[pT--[(x)], k =1,  2, 

aT'  (0) -- bT~(0) = F; T (m) < ~ ,  

~(1 - -o )  = ~ r  + o ) ,  ~ ' ( l - - o )  - ~ f ' ( t  +o ) .  (5) 

+ a t  ~ l p c h ~ l )  c h l  ~ 2 P ( X - - 1 ) +  

+ 6 (b ch v/~--p l + a 1 / ~ P sh l / ~  p l) x 

x sh /-NT(x--l), (7) 

and f o r  x ,  ~ < l and  x,  ~ > l 4,(x,~,p) = ~5(~,x,p), 

[su x) + 6 ch - x)], 

S =  t :  O < x < l ,  

( - -~-(p)  6exp[--T:~,p(x--l)], l < x < o D ,  

o)(p) = b ( s h l  ~ l p l - l - ~ c h ' , / ~ l P l )  + 

+ a i / ~ l p ( C h  B ~lPl+6shy /~ lP l ) ,  

6= 1 V w Rel/~>0. (8) 
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The app l i ca t ion  to so lu t ion  (6) of the R i e m a n n -  
Mel l in  i nve r s ion  f o r m u l a  g ives  the unknown T(x , t ) :  

T (x, t)= 

1 ~' exp (pt) dp (I) (x, ~, p) [ (~) d ~ + 
2z~ i ~ p o} (p) 

+ S  (x, t). (9) 

As m a y  be seen  f rom r e l a t i o n  (9), the  f i r s t  t e r m  is  
a s s o c i a t e d  with the  inhomogene i ty  of the in i t i a l  and 
the second  with the inhomogene i ty  of the bounda ry  
condi t ion ,  i t  be ing  convenient  to r e p r e s e n t  the func-  
t ion S(x, t)  in the  fol lowing fo rm:  

t 

d t' F(t--~)u(x, ~)d,, s(x,  O =  ~ f  
0 

(lO) 

having e x p r e s s e d  i t  in t e r m s  of the so lu t ion  u(x , t )  of 
p r o b l e m  (1)-(4)  with f (x )  - 0 and F(t) -- 1. The func-  
t ion u(x, t) is  r e p r e s e n t e d ,  in i t s  tu rn ,  by comple x  
i n t e g r a l s  of the type 

a + i ~  

u-- 2~i x 
tJ--i m 

x [sh ~ (l - -  x) -1- 6 ch ~ (l - -  x)] exp (pt) dp, 
p ~o (p) 

O < x < l ,  

( l + i ~  

--1 f 5exp [--  V ~ p (x - -  /)] exp(pt) dp, 
u = 2 ~  p ~o (p) 

l < x < ~ .  (11) 

In r educ ing  i n t e g r a l s  (ll) to r e a l  fo rm i t  i s  p o s s i b l e  
to p r o c e e d  in two ways .  One of t he se ,  l ead ing  to a 
solut ion convenient  for  s m a l l  va lue s  of t ,  c o n s i s t s  in 
expanding  the t r a n s f o r m e d  so lu t ion  in p o w e r s  of ((6 - 
- 1)/(6 + 1))((a(fltp)l/2 - b)/(a(filp)l/2 + b)). Such a s o -  
lut ion was o b t a i n e d b y  A. V. Luikov in [1] fo r  the c a s e  of 
a b o u n d a r y  condi t ion  of t h e f i r s t k i n d  (a = 0) f (x)  --- 0 and 
F(t) = cons t .  

The o the r  method ,  l ead ing  to a so lu t ion  ef fec t ive  at  
l a r g e  t i m e s ,  r e q u i r e s  the r educ t ion  of comp lex  i n t e -  
g r a l s  such as  (9) and (11) to r e a l  f o r m  by i n t eg ra t i on  
along a cut made  along the nega t ive  p a r t  of the  r e a l  
ax is  of the p lane  of the complex  v a r i a b l e  p. Using 
Cauchy ' s  t h e o r e m , *  we obta in  the function u(x, t) in 
r e a l  f o r m :  

1 1 ~ 6 exp (- -  Xt) 
u(x, 0 = - - T + - - ~  ~(x, ~) d~. (12) 

0 

Here, 

n(x, x ) =  { - - i ~ ( x '  - - x ) '  O < x < / ,  
- - i , ( x , - - ) 0 ,  l < x < o o ,  

n (x) = ~o (--  ~) ~o* (--  ~). 

(13) 

(141 

Applying  an ana logous  method  to the f i r s t  t e r m  in 
(9), we f ina l ly  obta in  

T (x, t) = 

1 f [ (~)d~fH(x ,  ~, ~) exp(--Xt) d)~+ 

0 0 

+S(x,  t), (15) 

where  

[ - - ~ ) . ~ q ~ ( x ,  -~)q~(~,  - -~) ,  x, ~ < I ,  

1 - ~  ~ ( x ,  -~ , )q , (~ ,  - ~ ) ,  

H = {  O < x < l < ~ <  oo, 

l -- 6 V N  ~ (~, --  ~,) * (x, --  X), 

0 < ~ < l < x <  :~, 

( 16 )  

w  S e t t i n g  t = 0 in  ( 1 5 ) ,  w e  obtain 

1 f f (~ )d~ i  H(x, ~, ~) dk (17) f (x) = ~ -  ~ T-A (~) ' 
0 0 

which a f t e r  c e r t a i n  t r a n s f o r m a t i o n s  a s s u m e s  the f o l -  
lowing fo rm:  

2 i~l(x, ~)d~ f f(~)r(~)~l(~, ~)d~, (18) f(x) = ~ A (~) 
0 0 

w h e r e  

r(~) = r~6 0<~< / ,  
( / - ~ ,  l < ~ <  ~ .  (19) 

It i s  e a sy  to see  that  Eq. (18) i s  the expans ion  of a 
funct ion f (x )  of some  c l a s s ,  spec i f i ed  on the i n t e r v a l  
(0 ,~) ,  into an i n t e g r a l  in e igenfunct ions  of the s i n g u l a r  
s p e c t r a l  p r o b l e m  

~1"+ ~2~k~ = O, k = 1, 2, 

a n ' (o )  - -  b ~ (0) = 0, ~ (t - - 0 )  n (l + 0), 

n' (l --0) -- ~,n' (l + 0), ~ (~)  < oo, (20) 

with a cont inuous s p e c t r u m  of e igenva lues .  
We wil l  show that  the expans ion  obta ined  m a k e s  it 

p o s s i b l e  to c o n s t r u c t  an exac t  solut ion of the  fo l low-  
ing t w o - d i m e n s i o n a l  s t a t i o n a r y  p r o b l e m  of the t h e o r y  
of hea t  conduct ion:  

AT(x, g ) = 0 ,  0 < x < o o ,  O<g<CH, 

aTx (0, g) -- OT (0, y) = O, T (oD, g) <.~ oo, 

*It can be shown that  the equat ion w(p) : 0 does  not 
have r o o t s  sa t i s fy ing  the condi t ion Re Cp > 0. 
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T (t --0; V) = T (l + O; V), 

T x ( / - - O ;  y) = vTx(l+O; y), 

T(x, 0 ) = 0 ,  T(x, H)=f (x ) .  (21) 

Solving problem (21) by separa t ion  of va r i ab les ,  
we a r r i ve  at the fo rmula  

i ~q (x, ~)  d ~. (22) T ( x , V ) =  A(~) shSh~VH 
0 

Setting y = H in (22), we obtain 

[ (x) ~- i " A (bt) ~l (x, ~)  d ~t, (23) 
0 

whence on the bas is  of (18) with fll = f12 = 1 we i m -  
media te ly  find an express ion  for  the unknown A(~): 

2 i f (~) r (~) n (~, ~') d ~. A ( ~ ) -  aA(~t~ ~ ,~ 
0 

(24) 

In conclusion we note that the proposed  method of 
solving s ta t ionary  p rob lems  can be t r a n s f e r r e d  with-  
out substant ial  modif icat ion to the case  in which 
boundary  conditions of the second and third  kind are  
specif ied at y = 0 and y = H. 

NOTATION 

flk = CkPk/)Vk; ek is the specif ic  heat; Pk is the 
densi ty;  )~k is the t he rma l  conduct ivi ty  (k = 1 for  
0 < x  < l ,  k = 2 f o r l < x < ~ o ) ;  v =)~2/X1. 
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